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Equivariance

A feature map ÷ : Rn æ Rn is
equivariant with respect to P if

P ¶ ÷ = ÷ ¶ P

Point-wise Activations

‡̃(x1, . . . , xn) := (‡(x1), . . . , ‡(xn))

E.g.: ‡ = ReLU, sigmoid, tanh, . . .

Equivariant Neural Networks

Equivariant linearities „i and
equivariant activation ‡̃:

÷ := „m ¶ ‡̃ ¶ „m≠1 ¶ · · · ¶ ‡̃ ¶ „0

Spaces of Equivariant Neural Networks

N = N‡(RX0 . . . ,RXd) :=

n
„m ¶ ‡̃ ¶ „m≠1 ¶ · · · ¶ ‡̃ ¶ „0 | „i œ A�G(RXi≠1,RXi)

o

Example — PointNet

Consider Sn y R[n] ≥
= Rn. The space of shallow PointNets is N‡(Rn
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Issue: Separation constraints Universality

GNNs, or more generally IGNs, fail to approximate continuous equivariant functions.

For k-WL theory, if
N = {1 ≠ WL ≥ GNNs}:

’÷ œ N , ÷

 !
= ÷

 !

Thus, N fails to approximate equivariant
functions ÷̃ such that:

÷̃

 !
”= ÷̃

 !

Research Question – Informal
Is separation a complete proxy for universality?

Separation

Let N ™ C(V ), define:

Separation relation: fl = fl(N ) :=
�

(x, y) œ V ◊ V | ÷(x) = ÷(y) ’÷ œ N
 

Separation-constrained functions: Cfl(V ) :=
�

f œ C(V ) | f (x) = f (y) ’(x, y) œ fl
 

Research Question — formal: N ?
= Cfl(V )

Examples of Universality

Standard Neural Networks (Pinkus, 1999)

The set of shallow neural networks with variable width can be written as
N :=

[

hœN
N‡(Rm

,Rh
,R) and fl(N ) = {(x, y) œ V

2 | x = y}

We define the universality class associated to Rm
,R,R as

U‡(Rm
,R,R) := N ™ C(Rn

) = Cfl(Rn
)

Then,
‡ is non-polynomial ≈∆ U(Rm

,R,R) = C(Rm
)

Invariant Symmetrization (Ravanbakhsh, 2020)

The set of shallow neural networks with variable width can be written as
N :=

[

hœN
N‡(V,Rh◊G

,R) and fl(N ) = {(x, y) œ V
2 | OrbG(x) = OrbG(y)}

We define the universality class:
U(V,RG

,R) := N ™ CG(V,R)

Then,
‡ is non-polynomial ≈∆ U(V,RG

, Z) = CG(V, Z)
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Results

(?) Universality for Invariant Shallow PointNets (?)
[

hœN
N (Rn

,Rn◊h
,R)

?
= CSn

(Rn
)

Definition — Universality Class

The universality class associated to RX
,RY and RZ is

U(RX
,RY

,RZ
) :=

[

hœN
N‡(RX

,Rh◊Y
,RZ

)

Universality Classes with same Separation Power

Prop: The following universality classes have the same separation power:
fl
�
U(Rn

,Rn
,R)

�
=fl

�
U(Rn

,RSn,R)
�
.

Failure of Separation-constrained Universality

Prop: The following spaces differ in their approximation capabilities when n > 2:
U(Rn

,Rn
,R) ( U(Rn

,RSn,R).

Example
x1 · · · xn œ U(Rn

,RSn,R) but x1 · · · xn /œ U(Rn
,Rn

,R).

In this case, separation is not a complete proxy for universality

Characterization

Theorem: Let f be an invariant function, then
f œ U(RX

,RY
,R)

≈∆
P (ˆ1, . . . , ˆd)f = 0 ’P such that P („1) = · · · = P („m) = 0,

where „1, . . . , „m œ Rd depending on X, Y.

Examples of Separation-Constrained Universality

Normal subgroup
A subgroup H ™ G is normal if ghg

≠1 œ H for each h œ H, g œ G.

Let V and Z be permutation representations of a finite group G, and let H be a
normal subgroup of G. Therefore, U(V,RG/H

, Z) = Cfl(V, Z).

Future Directions
Depth: Characterization of universality in the deep case?
Equivariance: What does it changes with equivariant readouts?
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