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Basics of Geometric Deep Learning

Symmetries & Machine Learning
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Permutations, Symmetries & Equivariance
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Equivariance

A feature map η : Rn → Rn is
equivariant with respect to P if

P ◦ η = η ◦ P

Diagram

P P

η

η

Point-wise Activations

σ̃(x1, . . . , xn) := (σ(x1), . . . , σ(xn))

E.g.: σ = ReLU, sigmoid, tanh, . . .

Equivariant Neural Networks

Equivariant linearities ϕi and equivariant
activation σ̃:

η := ϕm ◦ σ̃ ◦ ϕm−1 ◦ · · · ◦ σ̃ ◦ ϕ0

Spaces of Equivariant Neural Networks

N = Nσ(RX0 . . . ,RXd) :=
{
ϕm ◦ σ̃ ◦ ϕm−1 ◦ · · · ◦ σ̃ ◦ ϕ0 | ϕi ∈ AffG(RXi−1,RXi)

}
Example — PointNet

Consider Sn ↷ R[n] ∼= Rn. The space of shallow PointNets is ϕ ◦ σ̃ ◦ ψ ∈ Nσ(Rn,Rn,R).
Layer spaces Matrices Weight-sharing Schemes

ψ ∈ AffSn(Rn,Rn)
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Issue: Separation Constraints Universality

GNNs, or more generally IGNs, fail to approximate continuous equivariant functions.

For k-WL theory, if
N = {1 − WL ∼ GNNs}:

∀η ∈ N , η
( )

= η
( )

Thus, N fails to approximate equivariant
functions η̃ such that:
η̃
( )

̸= η̃
( )

Research Question — Informal

Is N universal in continuous functions with its separation constraint?

Towards a Formalization — Separation

Let N ⊆ C(V ), define:
Separation relation: ρ = ρ(N ) :=

{
(x, y) ∈ V × V | η(x) = η(y) ∀η ∈ N

}
Separation-constrained functions: Cρ(V ) :=

{
f ∈ C(V ) | f (x) = f (y) ∀(x, y) ∈ ρ

}
Research Question — formal: N ?= Cρ(V )

On Universality

Standard Neural Networks (Pinkus, 1999)

The set of shallow neural networks with variable width can be written as
N :=

⋃
h∈N

Nσ(Rm,Rh,R) and ρ(N ) = {(x, y) ∈ V 2 | x = y}.

We define the universality class associated with Rm,R,R as
Uσ(Rm,R,R) := N ⊆ C(Rn) = Cρ(Rn).

Then,
σ is non-polynomial ⇐⇒ U(Rm,R,R) = C(Rm).

Invariant Symmetrization (Ravanbakhsh, 2020)

The set of shallow neural networks with variable width can be written as
N :=

⋃
h∈N

Nσ(V,Rh×G,R) and ρ(N ) = {(x, y) ∈ V 2 | OrbG(x) = OrbG(y)}.

We define the universality class:
U(V,RG,R) := N ⊆ CG(V,R).

Then,
σ is non-polynomial ⇐⇒ U(V,RG, Z) = CG(V, Z).

Definition — Universality Class

The universality class associated with RX0,RX1, . . . ,RXd is

Uσ(RX0,RX1, . . . ,RXd) :=
⋃

h1,...,hd−1∈N

Nσ(RX0,Rh1×X1, . . . ,Rhd−1×Xd−1,RXd).
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Results

Theorem (Invariant Universality)
Set ρ = ρ

(
Uσ(RX0, . . . ,RXd,R)

)
. Then

Uσ(RX0, . . . ,RXd,R,R) = Cρ(RX0).

Example — Universality of Invariant PointNet

Three layer invariant PointNets are universal, namely, U(Rn,Rn,Rn,R) = CSn(Rn,R).

Entry-wise Separation

Let X = {x1, . . . , xℓ}, N ⊆ C(V,RX), for each xi ∈ X, let

πxi : RX → R
(ax1, . . . , axℓ) 7→ axi

and πi∗N := {πi ◦ f | f ∈ N },

We define the entry-wise separation relation ρ̄(N ) := {ρ(πi∗N )}i∈X.

Example
Consider the set of all f ∈ CSn(Rn,Rn). We can rewrite each of them as

f (x1, . . . , xn) = (f1(x1, . . . , xn), . . . , fn(x1, . . . , xn)) ,
where fi = πi∗f for each i = 1, . . . , n. For each permutation σ such that σ(1) = 1,

σf (x1, . . . , xn) = f (σ(x1, . . . , xn)) = f
(
xσ(1), . . . , xσ(n)

)
= f

(
x1, xσ(2), . . . , xσ(n)

)
.

Hence f1 is StabSn(1)-invariant. Namely,
(x, y) ∈ ρ(π1∗CSn(Rn,Rn)) ⇐⇒ ∃σ ∈ StabSn(1) x = σ(y).

Repeating this argument for i = 2, . . . , n, we obtain
ρ̄ (CSn(Rn,Rn)) = {ρ(πi∗CSn(Rn,Rn))}i=1,...,n .

Depth Stabilization

There exist M such that for each N ≥ M :

ρ̄(Nσ(RX0, . . . ,RXh−1,RXh, . . . ,RXh︸ ︷︷ ︸
N times

,RXh+1, . . . ,RXd)) =

= ρ̄(Nσ(RX0, . . . ,RXh−1,RXh, . . . ,RXh︸ ︷︷ ︸
M times

,RXh+1, . . . ,RXd)).

Theorem (Equivariant Universality)
Let d be such that

ρ̄ := ρ̄
(
Uσ(RX0, . . . ,RXf ,RX, . . . ,RX︸ ︷︷ ︸

d times
)
)

= ρ̄
(
Uσ(RX0, . . . ,RXf ,RX, . . . ,RX︸ ︷︷ ︸

d+1 times
)
)
.

Then,
Uσ(RX0, . . . ,RXf ,RX, . . . ,RX︸ ︷︷ ︸

d+1 times
) = C ρ̄(RX0,RX).

Example — Universality of Equivariant PointNet

Three layer equivariant PointNets are universal, namely, Uσ(Rn,Rn,Rn,Rn) = CSn(Rn,Rn).

Future Directions
Approximation rates: How fast can these functions be approximated?
Learning dynamics: Can layer-wise constraints also obstruct the dynamics?
Generalization and scaling laws: How do these models generalize with respect to dataset size?
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